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a b s t r a c t
Let G be a connected regular graph and l(G), s(G), t(G) the line, subdivision, total graphs of
G, respectively. In this paper, we derive formulae and lower bounds of the Kirchhoff index
of l(G), s(G) and t(G), respectively. In particular, we give special formulae for the Kirchhoff
index of l(G), s(G) and t(G), where G is a complete graph Kn, a regular complete bipartite
graph Kn,n and a cycle Cn.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The line graph of a graph G, denoted by l(G), is the graphwhose vertices correspond to the edges of G, with two vertices of
l(G) being adjacent if and only if the corresponding edges of G share a common vertex. The subdivision graph of G, denoted by
s(G), is the graph obtained by replacing every edge in Gwith a copy of P2 (path of length two). The total graph of G, denoted
by t(G), is the graph whose vertices correspond to the union of the set of vertices and edges of G, with two vertices of t(G)
being adjacent if and only if the corresponding elements are adjacent or incident in G. It is known that if G is connected, then
l(G), s(G) and t(G) are connected, respectively.
The concept of resistance distance was first introduced by Klein and Randić [10]. Let G = (V , E) be a connected graph
with vertex set V = {v0, v1, . . . , vn−1} and edge set E. The resistance distance between vertices vi and vj of G, denoted by
rij, is defined to be the effective resistance between nodes vi and vj as computed with Ohm’s law when all the edges of G are
considered to be unit resistors. The traditional distance between vertices vi and vj, denoted by dij, is the length of a shortest
path connecting them. The Wiener indexW (G)was given byW (G) =i<j dij in [16]. As an analogue to the Wiener index,
the sum Kf(G) =i<j rij was proposed in [10], later called the Kirchhoff index of G in [3]. Klein and Randić [10] proved that
rij ≤ dij and Kf(G) ≤ W (G)with equality if and only if G is a tree.
Like theWiener index, the Kirchhoff index is a structure descriptor [18]. The Kirchhoff index has been computed for cycles
[9,11], complete graphs [11], geodetic graphs [13], some fullerenes including buckminsterfullerene [1,2,5], distance
transitive graphs [13], and so on [1,8,14,13,15]. The Kirchhoff index of certain composite operations between two graphs
was studied, such as product, lexicographic product [19] and join, corona, cluster [20]. At the end of [20], the authors posed
a question to consider the Kirchhoff index of graphs derived from a single graph, such as the line graph, the subdivision
graph, the total graph, etc.
Let G be a connected regular graph. The aim of this paper is to report formulae for the Kirchhoff index of l(G), s(G) and
t(G) in terms of Kf(G), respectively. Lower bounds of the Kirchhoff index of l(G), s(G) and t(G) are also given, respectively. In
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particular, special formulae are given for the Kirchhoff index of l(G), s(G) and t(G), where G is a complete graph Kn, a regular
complete bipartite graph Kn,n and a cycle Cn.
2. Preliminaries
The adjacent matrix A(G) of a connected graph G is an n× nmatrix with the (i, j)-entry equal to 1 if vertices vi and vj are
adjacent and 0 otherwise. Let δi be the degree of the vertex vi ∈ V (G) and D(G) = diag[δ0, δ1, . . . , δn−1] the diagonal matrix
of vertex degrees. The Laplacianmatrix ofG is L(G) = D(G)−A(G). Denote the spectrumof L(G)by S(G) = {λ0, λ1, . . . , λn−1},
where λ0 ≤ λ1 ≤ · · · ≤ λn−1. Then λ0 = 0 and λk > 0 for each k > 0 [12].
Gutman and Mohar [6] and Zhu et al. [22] obtained the Kirchhoff index of a graph in terms of Laplacian eigenvalues as
follows:
Lemma 2.1 ([6,22]). Let G be a connected graph with n ≥ 2 vertices. Then
Kf(G) = n
n−1
k=1
1
λk
.
Let PG(x) be the characteristic polynomial of the Laplacian matrix of a graph G. The following result was shown in [7],
and the equivalent statements in terms of adjacent matrix can be found in [4].
Lemma 2.2 ([7]). Let G be a d-regular graph with n vertices, m edges. Then
(1) Pl(G)(x) = (x− 2d)m−nPG(x),
(2) Ps(G)(x) = (−1)m(2− x)m−nPG(x(d+ 2− x)),
(3) Pt(G)(x) = (−1)m(d+ 1− x)n(2d+ 2− x)m−nPG

x(d+ 2− x)
d+ 1− x

.
Zhou and Trinajstić [21]proved that
Lemma 2.3 ([21]). Let G be a connected graph with n ≥ 2 vertices. Then
Kf(G) ≥ −1+ (n− 1)

vi∈V (G)
1
δi
with equality attained if and only if G = Kn or G = Kt,n−t for 1 ≤ t ≤ ⌊ n2⌋.
The reader is referred to [17] for all the notation and terminology not defined in this paper.
3. Main results
In this section, for a connected regular graph G, we give formulae for the Kirchhoff index of l(G), s(G) and t(G) in terms
of Kf(G), respectively. If G = K1, it is trivial. So we suppose that G ≠ K1 in this paper.
Theorem 3.1. Let G be a connected d-regular graph with n ≥ 2 vertices. Then
Kf(l(G)) = d
2
Kf(G)+ (d− 2)n
2
8
.
Proof. If d = 1, then n = 2,G = K2 and l(G) = K1. Thus
Kf(G) = 1 and Kf(l(G)) = 0 = d
2
Kf(G)+ (d− 2)n
2
8
and so the result holds. If d ≥ 2, suppose that G hasm edges. Thenm = dn2 ≥ n. By Lemma 2.2
Pl(G)(x) = (x− 2d)m−nPG(x).
So S(l(G)) = {
m−n  
2d, . . . , 2d, λ0, . . . , λn−1}, where S(G) = {λ0, . . . , λn−1}. Note that l(G) hasm vertices. By Lemma 2.1
Kf(l(G)) = m

n−1
i=1
1
λi
+ m− n
2d

= mKf(G)
n
+ m(m− n)
2d
= d
2
Kf(G)+ (d− 2)n
2
8
. 
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The following result gives a lower bound of Kf(l(G)).
Corollary 3.2. Let G be a connected d-regular graph with n ≥ 2 vertices. Then
Kf(l(G)) ≥ (n
2 − 4)d
8
+ n(n− 2)
4
with equality if and only if G = Kn.
Proof. By Lemma 2.3 and Theorem 3.1
Kf(l(G)) = d
2
Kf(G)+ (d− 2)n
2
8
≥ d
2

−1+ n(n− 1)
d

+ (d− 2)n
2
8
= (n
2 − 4)d
8
+ n(n− 2)
4
with equality if and only if G = Kn. 
As a direct consequence of Corollary 3.2, we have
Corollary 3.3. Let G be a connected d-regular graph with n ≥ 2 vertices. Then
Kf(l(G)) ≥ 3n
2
8
− n+ 1
2
with equality if and only if G = K2.
Proof. By Corollary 3.2
Kf(l(G)) ≥ (n
2 − 4)d
8
+ n(n− 2)
4
≥ n
2 − 4
8
+ n(n− 2)
4
= 3n
2
8
− n+ 1
2
with equality if and only if G = Kn and d = 1, that is, G = K2. 
Now we turn to consider the Kirchhoff index of s(G). The following lemma will be used in the remainder of this paper.
Lemma 3.4. Let G be a connected graph with n ≥ 2 vertices and PG(x) = xn + a1xn−1 + · · · + an−1x. Then
Kf(G)
n
= −an−2
an−1
(an−2 = 1 whenever n = 2).
Proof. Let S(G) = {λ0, λ1, . . . , λn−1}. Then λi, i = 1, 2, . . . , n− 1 satisfy the following equation
xn−1 + a1xn−2 + · · · + an−1 = 0
and so 1
λi
, i = 1, 2, . . . , n− 1 satisfy the following equation
an−1xn−1 + an−2xn−2 + · · · + a1x+ 1 = 0.
Note that G is connected and the multiplicity of 0 as an eigenvalue of L(G) is equal to the number of the connected
components in G. So an−1 ≠ 0. By Lemma 2.1 and Vieta’s Theorem
Kf(G)
n
=
n−1
i=1
1
λi
= −an−2
an−1
. 
Theorem 3.5. Let G be a connected d-regular graph with n ≥ 2 vertices. Then
Kf(s(G)) = (d+ 2)
2
2
Kf(G)+ (d
2 − 4)n2 + 4n
8
.
Proof. If d = 1, then G = K2 and s(G) = P2. It is easy to see the result holds. Suppose that d ≥ 2 and G has m edges. Then
m = dn2 ≥ n. Let PG(x) = xn + a1xn−1 + · · · + an−1x and S(G) = {λ0, . . . , λn−1}. Then by Lemma 3.4
Kf(G)
n
= −an−2
an−1
(1)
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and by Lemma 2.2
Ps(G)(x) = (−1)m(2− x)m−n

xn(d+ 2− x)n + · · · + an−2x2(d+ 2− x)2 + an−1x(d+ 2− x)

.
Consequently, the coefficient of x2 in Ps(G)(x) is
(−1)m2m−nan−2(d+ 2)2 − 2m−nan−1 − (m− n)2m−n−1an−1(d+ 2),
and the coefficient of x in Ps(G)(x) is (−1)m2m−nan−1(d+ 2). Note that s(G) hasm+ n vertices. By Lemma 3.4
Kf(s(G))
m+ n = −
an−2(d+ 2)
an−1
+ 1
d+ 2 +
m− n
2
.
Substituting Eq. (1) andm = dn2 into the above equation
Kf(s(G)) = (m+ n)(d+ 2)
n
Kf(G)+ m+ n
d+ 2 +
m2 − n2
2
= (d+ 2)
2
2
Kf(G)+ (d
2 − 4)n2 + 4n
8
. 
As a direct consequence of Lemma 2.3 and Theorem 3.5, we have the following result which gives a lower bound of
Kf(s(G)).
Corollary 3.6. Let G be a connected d-regular graph with n ≥ 2 vertices. Then
Kf(s(G)) ≥ (d+ 2)
2n(n− 1)
2d
+ (d
2 − 4)n2 + 4n− 4(d+ 2)2
8
with equality if and only if G = Kn.
We are in the position to consider the Kirchhoff index of t(G). If d = 1, then G = K2, t(G) = K3 and Kf(t(G)) = 2.
Theorem 3.7. Let G be a connected d-regular graph with n vertice and d ≥ 2. Then
Kf(t(G)) = (d+ 2)
2
2(d+ 1)Kf(G)+
n(d+ 2)(dn+ 2n− 4)
8(d+ 1) +
n
2
.
Proof. Let PG(x) = xn + a1xn−1 + · · · + an−1x and S(G) = {λ0, . . . , λn−1}. Then by Lemma 3.4
Kf(G)
n
= −an−2
an−1
. (2)
Suppose that G hasm edges. Thenm = dn2 ≥ n and by Lemma 2.2
Pt(G)(x) = (−1)m(d+ 1− x)n(2d+ 2− x)m−n

xn

d+ 2− x
d+ 1− x
n
+ · · ·
+ an−2x2

d+ 2− x
d+ 1− x
2
+ an−1xd+ 2− xd+ 1− x

= (−1)m(2d+ 2− x)m−nxn(d+ 2− x)n + · · · + an−2x2(d+ 2− x)2(d+ 1− x)n−2
+ an−1x(d+ 2− x)(d+ 1− x)n−1

,
where x ≠ d+ 1. So the coefficient of x2 in Pt(G)(x) is
(−1)m(2d+ 2)m−nan−2(d+ 2)2(d+ 1)n−2 − an−1(d+ 2)(n− 1)(d+ 1)n−2 − an−1(d+ 1)n−1
− (m− n)(2d+ 2)m−n−1an−1(d+ 2)(d+ 1)n−1

and the coefficient of x in Pt(G)(x) is
(−1)m(2d+ 2)m−nan−1(d+ 2)(d+ 1)n−1.
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Note that t(G) hasm+ n vertices. By Lemma 3.4
Kf(t(G))
m+ n =
−an−2(d+ 2)
an−1(d+ 1) +
n− 1
d+ 1 +
1
d+ 2 +
m− n
2d+ 2
= −an−2(d+ 2)
an−1(d+ 1) +
m+ n− 2
2(d+ 1) +
1
d+ 2 .
Substituting Eq. (2) andm = nd2 into the above equation
Kf(t(G)) = (m+ n)(d+ 2)
n(d+ 1) Kf(G)+
(m+ n)(m+ n− 2)
2(d+ 1) +
m+ n
d+ 2
= (d+ 2)
2
2(d+ 1)Kf(G)+
n(d+ 2)(dn+ 2n− 4)
8(d+ 1) +
n
2
. 
In view of Lemma 2.3 and Theorem 3.5, we have the following result which gives a lower bound of Kf(t(G)).
Corollary 3.8. Let G be a connected d-regular graph with n vertices and d ≥ 2. Then
Kf(t(G)) ≥ (d+ 2)
2n(n− 1)
2d(d+ 1) +
n(d+ 2)(dn+ 2n− 4)− 4(d+ 2)2
8(d+ 1) +
n
2
with equality if and only if G = Kn.
4. Examples
In this section, we discuss some special graphs and give formulae for their Kirchhoff index.
4.1. Complete graph Kn (n ≥ 2)
The Knesor graph KGr,s is the graph whose vertices are the r-subsets of an s-set S, two such subsets being adjacent if and
only if their intersection is empty. Denote by G the complement graph of a graph G. It is well know that KG2,n ∼= l(Kn) and
Kf(Kn) = n− 1. Note that Kn is (n− 1)-regular with n vertices. By Theorem 3.1
Kf(l(Kn)) = Kf(KG2,n) = n− 12 Kf(Kn)+
(n− 3)n2
8
= n
3
8
+ n
2
8
− n+ 1
2
.
In particular, if n = 5, then KG2,5 is the Peterson graph P and
Kf(KG2,5) = Kf(P) = 574 .
By Theorem 3.5
Kf(s(Kn)) = (n+ 1)
2
2
Kf(Kn)+ [(n− 1)
2 − 4]n2 + 4n
8
= n
4
8
+ n
3
4
+ n
2
8
− 1
2
.
By Theorem 3.7, for n ≥ 3
Kf(t(Kn)) = (n+ 1)
2
2n
Kf(Kn)+ n(n+ 1)[n(n− 1)+ 2n− 4]8n +
n
2
= n
3
8
+ 3n
2
4
+ 5n
8
− 1− 1
2n
.
4.2. Regular complete bipartite graph Kn,n
The line graph of Kn,n(n ≥ 2), is known as the lattice graph L2(n). Recall that S(Kn,n) = {0, n, . . . , n  
2n−2
, 2n}. By Lemma 2.1
Kf(Kn,n) = 2n

2n− 2
n
+ 1
2n

= 4n− 3.
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Note that Kn,n is n-regular with 2n vertices. By Theorem 3.1
Kf(l(Kn,n)) = Kf(L2(n)) = n2Kf(Kn,n)+
(n− 2)(2n)2
8
= n
3
2
+ n2 − 3n
2
.
By Theorem 3.5
Kf(s(Kn,n)) = (n+ 2)
2
2
Kf(Kn,n)+ (n
2 − 4)(2n)2 + 8n
8
= n
4
2
+ 2n3 + 9n
2
2
+ 3n− 6.
By Theorem 3.7, for n ≥ 2
Kf(t(Kn,n)) = (n+ 2)
2
2(n+ 1)Kf(Kn,n)+
(2n)(n+ 2)(2n2 + 4n− 4)
8(n+ 1) + n
= n
4 + 8n3 + 17n2 + 2n− 12
2(n+ 1) .
4.3. Cycle Cn
Recall that Kf(Cn) = n3−n12 in [11]. By Theorem 3.1, it implies that Kf(l(Cn)) = Kf(Cn) which agrees with the fact that
l(Cn) = Cn. By Theorem 3.5
Kf(s(Cn)) = 8Kf(Cn)+ n2 =
2n3
3
− n
6
= (2n)
3 − 2n
12
.
Our result agrees with the fact that s(Cn) = C2n. By Theorem 3.7
Kf(t(Cn)) = 83Kf(Cn)+
2n(n− 1)
3
+ n
2
= 2n
3
9
+ 2n
2
3
− 7n
18
.
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